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The problem of building models of consequences, at the level
of H(w»), of classical forcing axioms together with CH has a
long history, starting with Jensen’s landmark result that Suslin’s
Hypothesis is compatible with GCH.

Most of the work in the area done so far proceeds by showing
that some suitable countable support iteration whose iterands
are proper forcing notions not adding new reals fails to add new
reals at limit stages.

There are (nontrivial) limitations to what can be achieved in this
area. In fact, there cannot be any ‘master’ iteration lemma:

A.—Larson—Moore: Modulo a mild large cardinal assumption,
there are two I, statements over H(wz), each of which can be
forced, using proper forcing, to

hold together with CH, and whose conjunction implies 2% = 2%,



Above result closely tied to the following concrete well-known
obstacle to not adding reals: Given a ladder system

C= (Cs : 6 € Lim(wq)), let Unif(é) denote the statement that
for every colouring F : Lim(wy) — {0, 1} there is

G : wy — {0, 1} such that that for every ¢ € Lim(w¢) there is
some a < ¢ such that G(¢) = F(0) forall ¢ € Cs \ a. We say

—

that G uniformizes F on C.

Given C and F as above there is a natural forcing notion, O .,

for adding a uniformizing function for F on C by initial
segments. Easy to see that Qx . is proper, adds the intended
uniformizing function, and does not add reals. However, any
long enough iteration of forcings of the form Qé,F’ even with a

fixed é, will nece§sarily add new reals. In fact, the existence of
a ladder system C for which Unif(é) holds cannot be forced
together with CH in any way whatsoever, as this statement
actually implies 2% = 2%t (Devlin—Shelah).



Proof: Fix a bijection h: w — w x w such that j < nif
h(n+1) = (i, ). For each g : w;y — 2 construct f, : wy — 2
(n < w) such that

fo=9

and
fn+1 [ C& —fin f/(5 +])

for every limit 6 # 0, where h(n+1) = (i, /).
Given fi (k < n), f,11 exists by applying Unif(C) to the colouring

5 — (6 + )

But now, for each limit § # 0, (f, [ 6 : n < w) determines
(faTd+w : n<w). Hence,

(filw: n<w)

determines
(fr : N<w),

and in particular fy = g. Hence 2% = 2%, O



Definition

Measuring holds if and only if for every sequence

C= (Cs : 6 € wy), if each Cs is a closed subset of ¢ in the
order topology, then there is a club C C w¢ such that for every

0 € C there is some a < § such that either
e (Cnd)\acCCs,or
e (C\a)nCs=0.

We say that C measures C.



Measuring implies = WCG: Suppose C = (Cs : 0 € Lim(wy))
ladder system and C C wy is a club measuring C. Then, for
every ¢ € C, if 0 is a limit point of limit points of C, then a tail of
C n ¢ is disjoint from C; since ot(Cs) = w.

Natural forcing for adding a club measuring a given c by initial
segments is proper and adds no new reals.
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Question
(Moore) Is Measuring consistent with CH?
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In joint work with Mota, we addressed Moore’s question. In
order to do so we distanced ourselves from the tradition of
preserving CH by not adding reals; we aimed at building
interesting models of CH by a cardinal—-preserving forcing
which actually adds reals (but only X{—many of them).



Forcing with symmetric systems of
models as side conditions

Finite—support forcing iterations involving symmetric systems of
models as side conditions are useful in situations in which, for
example, we want to force

e consequences of classical forcing axioms at the level of
H(ws), together with

o 2% |arge.



Given a cardinal x and T C H(k), a finite V' C [H(x)]™ is a
T—symmetric system if

(1) forevery N € \V,

(N,€,T) < (H(x), €, T),

(2) given Ny, Ny € N, if Ngo Nwy = Ny Nwy, then there is a
unigue isomorphism

WNO»N1 : (No, &, T) — (N1,€7 T)

and Wy, y, is the identity on Np N Njy.
(3) Given Ng, Ny € N such that NoNwi =NyNwy and
M e Ny NN, WN07N1(M) eN.

(4) Given M, Ny € N such that M Nwy < Np Nwi, there is
some N; € N such that Ny Nwy = NgNwy and M € Nj.



The pure side condition forcing
Po = ({N : N a T-symmetric system}, D)
(for any fixed T C H(k)) preserves CH:

This exploits the fact that given N, N' € N/, N' a symmetric
system, if NNwy = N Nwy, then Wy v is an isomorphism

WN,N’ : (N, E,Nﬂ N) — (N/; G,Nﬂ N/)

Proof: Suppose (r¢)¢<., are names for subsets of w and
N H_po Il'g 75 i’f/ for all f 75 fl.



The pure side condition forcing
Po = ({N : N a T-symmetric system}, D)
(for any fixed T C H(k)) preserves CH:

This exploits the fact that given N, N' € N/, N' a symmetric
system, if NNwy = N Nwy, then Wy v is an isomorphism

WN,N’ : (N, E,Nﬂ N) — (N/; G,Nﬂ N/)

Proof: Suppose (¢)¢~., are names for subsets of w and
N l-p, Ie # 1o for all € # &'. For each &, let N¢ be a sufficiently
correct model such that \V, re € Ng.



By CH we may find £ # ¢’ such that there is an isomorphism
(U (Ng, E; T*’N, rg) — (Ng/; €, T*,N, fg/)

(where T* is the satisfaction predicate for (H(x); €, T)). Then
N*=NU {Ng,Ng} € Po.
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By CH we may find £ # ¢’ such that there is an isomorphism
(U (Ng, E; T*’N, rg) — (Ng/; €, T*,N, fg/)

(where T* is the satisfaction predicate for (H(x); €, T)). Then
N* =N U{Ng, Nei} € Po. But N* is (Ng, Po)—generic and
(Ner, Po)—generic.

Now, let n < w and let N be an extension of N*. Suppose
N'IFp, n € Ie. Then there is N € Py extending both A" and
some M e N N Py such that M I-p, n € r.. By symmetry, N/’
extends also V(M). But W(M) IFp, n € V(re) = rgr.

We have shown N* |Fp, re C rer, and similarly we can show
N* |bp, I C Ie. Contradiction since N* extends A and £ # ¢'.
g



In typical forcing iterations with symmetric systems as side
conditions, 2% is large in the final extension. Even if Py can be
seen as the first stage of these iterations, the forcing is in fact
designed to add reals at (all) subsequent successor stages.



In typical forcing iterations with symmetric systems as side
conditions, 2% is large in the final extension. Even if Py can be
seen as the first stage of these iterations, the forcing is in fact
designed to add reals at (all) subsequent successor stages.

Something one may want to try at this point: Extend the
symmetry requirements also to the working parts in such a way
that the above CH—preservation argument goes trough. Hope
to be able to force something interesting this way.



Theorem
(A.—Mota) (CH) Let k > w» be a regular cardinal such that
2<" = k. There is then a partial order P with the following
properties.

(1) P is proper and Ny—Knaster.
(2) P forces the following statements.

(a) Measuring
(b) CH
(c) 2# = k for every uncountable cardinal 1. < k.



Construction: An C—increasing sequence (9, )a<x Of posets.
e Each Q, consists of conditions g = (f, {(N;,~;) | i < n}),
where
o fis a function with finite domain dom(f) C « such that f(«)
is a condition of suitable forcing for adding an instance to
Measuring,
e {N; | i < n}is a symmetric system,
e ;is in the closure of NN (a + 1).
e Given g = (f,{(N;,~;) | i < n})and N;, Ny such that
N; N wy = Ny Nwq, the natural restriction of g to N;
below ~; is to be copied over to the natural restriction
of g to N; below ~;.



The following question addresses whether or not adding reals
is a necessary feature of forcing Measuring.

Question

(Moore) Does Measuring imply that there are non-constructible
reals?



Trees on N, and GCH

This is joint work with Mohammad Golshani.



Let x be a regular uncountable cardinal.

A r—tree is a tree T of height « all of whose levels are
smaller than . A k—Aronszajn tree is a x—tree which has
no xk—branches.

e A k—Souslin tree is a k—tree which has no x—branches and
no antichains of size «.

e If x = AT, a k—Aronszajn tree T is said to be special if there
exists a function f: T — X such that f(x) # f(y) whenever
X, y € T are such that x <t y. We say that f specializes T.

o The special Aronszajn tree property at x = A\, SATP(k), is
the statement “there exist k—Aronszajn trees and all such
trees are special”.



Aronszajn trees were introduced by Kurepa, and Aronszajn
(1934) proved the existence, in ZFC, of a special X{—Aronszajn
tree. Later, Specker (1949) showed that 2<* = )\ implies the
existence of special A™—Aronszajn trees for \ regular, and
Jensen (1972) produced special A*—Aronszajn trees for
singular A in L.

Baumgartner, Malitz and Reinhardt (1970) showed that Martin’s
Axiom + 2% > X; implies SATP(R4), and hence Souslin’s
Hypothesis at X4 as well.
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tree. Later, Specker (1949) showed that 2<* = )\ implies the
existence of special A™—Aronszajn trees for A regular, and
Jensen (1972) produced special A*—Aronszajn trees for
singular A in L.

Baumgartner, Malitz and Reinhardt (1970) showed that Martin’s
Axiom + 2% > X; implies SATP(R;), and hence Souslin’s
Hypothesis at X4 as well. Later, and as already mentioned,
Jensen (1974) produced a model of GCH in which SATP ()
holds.



The situation at X, turned out to be more complicated. Jensen
(1972) proved that the existence of an Xo—Souslin follows from
each of the hypotheses CH 4+ ({a < w2 | cf(a) = w1}) and
Ou, + O({a < w2 | cf(a) = w}). The second result was
improved by Gregory (1976); he proved that GCH together the
existence of a non-reflecting stationary subset of

{a < ws | cf(a) = w} yields the existence of an RX,—Souslin tree.
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(1972) proved that the existence of an Xo—Souslin follows from
each of the hypotheses CH 4+ ({a < w2 | cf(a) = w1}) and
Ou, + O({a < w2 | cf(a) = w}). The second result was
improved by Gregory (1976); he proved that GCH together the
existence of a non-reflecting stationary subset of

{a < ws | cf(a) = w} yields the existence of an RX,—Souslin tree.

Laver and Shelah (1981) produced, relative to the existence of
a weakly compact cardinal, a model of ZFC + CH in which
SATP(R5) holds. But in their model 2% > R,, and the following
remained a major open problem (s. e.g. Kanamori—Magidor
1977):

Question
Is ZFC+GCH consistent with the non—existence of Ro—Souslin
trees?



In December 2017, while visiting Golshani in Tehran, we
started thinking about combining the ideas from Measuring +
CH with the Laver—Shelah construction for SATP(X5). We
eventually succeeded:

Theorem* (A.—Golshani) Suppose GCH holds and « is a
weakly compact cardinal. Then there exists a set—generic
extension of the universe in which

(1) GCH holds,

(2) kK =Ny, and

(8) SATP(R2) holds (and hence there are no X,—Souslin trees).



Our argument can be easily extended to the successor of any
regular cardinal.

Our large cardinal assumption is optimal:

* Rinot (2017) proved that GCH+ Souslin’s Hypothesis at X,
implies —[J(ws); on the other hand, Todorcevi¢ (1987)
proved that —[J(w») implies that w, is weakly compact in L.



Sketch of definition of forcing

Let x be weakly compact and assume GCH.
We define
by induction on 3, a sequence (Qg | 5 < x*) of forcing notions.



Given g < k, a condition in Qg is an ordered pair of the form
q = (fg, 79) with the following properties.

(1) fqis a countable function such that
dom(fy) C ({0} U S£™") N 8 and such that the following
holds for every o € dom(fy).

(@) If o =0, then fy(a) € Col(wy, <k).
(b) If >0, then

(i) fy(a) : k x wy — wy is a countable function, and
(i) Qu < Qg forevery 8’ € [a, B).
(2) 74 is a countable set of ordered pairs (N, ), where

(@) Nis an elementary submodel of H(x"1) such that “N C N,
NNk € k,and [N| = NN k|,

(b) ~isinthe closure of NN g.

(c) N is “¢—sulfficiently correct” for each £ € NN ~.

(3) Forallaa< 3, q | a € Q.



(4) For all o € dom(fy),

(@) cf(a) = &,

(b) Qu <Qp forall g’ € [a, 8), and

(c) forall x, y € dom(fy(a)), if (f5(r))(x) = (f3(«x))(¥), then
q | « does not force that x and y are comparable in T,
(where T, is, in V@, a x—Aronszajn tree given by a
suitable book-keeping; we assume all trees are on x x wy
with p-th level {p} x wy).

(5) Suppose (No,70), (N1,71) € 1q, @ € No " min{~o, 71},
o/ € Ny nmin{~g,71 }, and there is an isomorphism
\UNO,M : (N()7 E) — (N1 ] E) which

(a) is the identity on Ny N Ny,

(b) is sufficiently correct, and such that

(C) \UNo-N1 ((Jé) =o'
Then the natural restriction of g | « is isomorphic, via
W, N, to the natural restriction of g | o to Ny.



The extension relation:

Given g1, qo € Qs, g1 <3 qo (g1 is an extension of qp) if and
only if the following holds.

(A) dom(f%) < dom(ffh)

(B) fgy () C fg, () for all o € dom(fy, ).
(C) 7q € Tay

Defining Q,.++: Let C be the k—club of 3 < ™" such that
cf(8) = x and there is some M < H(0) (¢

large enough) containing (Qg )o<,++ and such that MNkx™" = 3.

Qe+ = | Qs

peC



Main facts

(1) Due to the strong symmetry in clause (5) of the definition, it
is probably not the case that Q3 < Qs (or even Qg C Qg/)
for all 3 < B’. On the other hand:

° @ﬂ < QB+1 forall g < x*.
e Qs<Qpforall g < g inCU{st}.

(2) Forall g < x™* such that cf(8) > «, Qg is wy—strategically
closed; in particular, Qg does not add reals and hence
preserves CH.

(3) Q,++ adds k—many new subsets of wy, but not more than
that; in particular, Q..+ preserves 2% = &, [essentially the
same argument we saw on slide 8].

(4) If Q.++ has the xk—c.c. then it forces SATP(R>).



The k—chain condition
Let Cy be the set of 3 € k™" such that

e cf(8) = x and

* Qs < Qmin(c\(8+1))>
and let C be the closure of Cy in the order topology.
Lemma

Forevery 3 € C, Qg has the k—c.c (equivalently, it is k—Knaster
(since k — (k)3)).

This is the most involved part of the proof, and the only place
where we use the weak compactness of «. Let (5;)i<,.++ be the
increasing enumeration of C and let o = (g\)a<x bE @
sequence of Qs -conditions. Want to find A # )’ so that g, and
gy are compatible in Q,. The proof is by induction on /.



The case / = 0 is trivial (Qg, is essentially the Lévy
collapse).



The case / = 0 is trivial (Qg, is essentially the Lévy
collapse).The case when i is a limit ordinal with cf(/) < « uses

e the fact that if two conditions g and g’ are compatible in
Qa, then they have a greatest lower bound q &, ¢’
(obtained essentially from closing under relevant
isomorphisms Wy, x,) together with

o K —> (”)gf(i)'

If g, and g, are incompatible then there is some i < i such that
(ax [ B5) @5 (gu | 35) is not a condition. Hence, if o is an
antichain,

c(AN) =min{i <i | (qx | &) ®p, (qv | 57) & Qs.}

is a well-defined colouring of []2. But if H is any homogeneous
set with value /, then {q, [ 5; | A € H} is an antichain in Qg



The case i = iy + 1 follows easily from earlier cases.

The hardest case is the case cf(/) = x. For this case we use an
adaptation of the following key separation argument from
Laver—Shelah.



Lemma

(Laver—Shelah) Suppose « is weakly compact and (Qp)s<, IS a
countable support iteration such that Q1 = Col(w¢, <r) and for
all1 < B <7,Qp.1=Qp* Ry, where Ry is the natural forcing
for specializing

some given k—Aronszajn tree Ts. Then Qg is k—c.c. forall § < .

Proof sketch: Let M < H(0) containing everything relevant of
size k and such that <*M C M and let (M), be a continuous
filtration of M. Let Q}, = Q, N M for all a. By x—c.c. of Q,, for alll
a < 7 (by induction hypothesis), Q}, < Q,, for all o < 7.



Given conditions g, g, a € dom(f,.) N dom(f,z),

x € dom(fy.(r)) and y € dom(fya(cr)) (x and y may or may not

be equal), we say that

e x and y are separated by g- | a and g7 | o below \ by
means of x, y

if there is p < \, together with ¢ # ¢’ in wy, such that letting
x=(p,¢)and y = (p.(),

L =
gy [alba X <j X

and
o lalkay <y



Let o = (gx | A < k) be a sequence of conditions in Q. Let 7
be the weak compactness filter on « (i.e., F is the filter
generated by the sets {a < x | (V,,€,AN V,) E ¢}, for

A C V, and for a M} sentence ¢ over (V,, €, A)).



Let o = (gx | A < k) be a sequence of conditions in Q. Let 7
be the weak compactness filter on « (i.e., F is the filter
generated by the sets {a < x | (V,,€,AN V,) E ¢}, for

AC V., andfora I'I] sentence ¢ over (V,, €, A)). F is a proper
normal filter on «.

Given X € F1, say that
(@5 | AeX),(af | A e X)

is a separating pair for (g, | A < x) if forall A € X:



(1) Both of g% and g extend g,.
2) dom(fqﬁ) = dom(qu)
(8) For all nonzero « € dom(qu) N M, and all

x € dom(fye () \ (A x wr) and y € dom(fa(a)) \ (A x w),

x and y are separated below \ at stage « by q§ I o and
gl I a via some pair xo(x, ¥, a, A), x1(X, ¥, a, \).
(4) The following holds for all \' > X in X.
(@) g5 I My=qf | My
(b) g5 € My
(5) The following holds for all A’ > X in X, all nonzero
o € dom(gk) Ndom(gfl) and all x € dom(fye (4) \ (A X wi)
and y’ € dom(qu/(a)) \ (N X wy).
(@) ae My
(b) There are x’ € dom(fqil(a)) \ (N x wy) and
y € dom(fya(s)) \ (A x w1) such that

XO(XJ/’ «, A) = XO(X/ay/a «, A/)

and
x1(X, ¥, a,X) = x1(X', ¥y, a, N)



The following claim is easy.

Claim
Let X € S and suppose o- = (g5 | A€ X), cf = (qf | A € X)
is a separating pair for . Then for all \ < X' in X,

as

and

R
qy

are compatible conditions.

Hence, it suffices to prove that there is ot = (g5 | A € X),
of = (g | \ € X), a separating pair for o. But this follows
essentially from a construction in w steps such that

x at every step we separate some given sequence of pair of
nodes x, y,
followed by a pressing—down argument using the normality of
F.



The relevant separation, at every step of the construction, is
effected via a M] reflection argument: There is a measure 1 set
Cin F of XA < x such that, for relevant a,

e MNQ, <Qq and
e M, NQ, forces, over V, that T.. N M), has no A\—branches.
Using this idea one can find suitable conditions

L L
ax < gx

and
gif < qff
such that
o g5- I My=qff | My and
e forcing conflicting information regarding the projections of
x and y to some level below \

(if this were not possible, we would be able to find A\—branches
through T, N M, in the M, N Q,—extension, which is
impossible). O



Thank you!
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