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We say that classes of topological spaces C, D are equivalent if
every member of C is homeomorphic to a member of D and vice
versa. We write C 2 D and we put

[C] :={F C K([0,1]*) : F =C}.

m For every class of metrizable compata C there is a family
F C K([0,1]*) equivalent to C, so [C] # 0.

m Namely, there is the saturated family

max([C]) = [ J{Y € K([0,1]*) : X = Y}.
XecC
m Usually, the complexity of max([C]) is considered.

m We are interested in the lowest complexity among the
members of [C]. This is rarely the complexity of max([C]).

m Our motivation lies in compactifiable classes.
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We define the strong variants because of their direct connection
with hyperspaces.
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Relation to hyperspaces

The following conditions are equivalent for a class of spaces C.
C is strongly compactifiable.

There is a metrizable compactum X and a closed family
F C K(X) such that F = C.

There is a closed family F C KC([0, 1]“) such that F = C.

C is a strongly Polishable class of compacta.

There is a Polish space X and an analytic family
F C K(X) such that F = C.

There is a G5 family F C K([0, 1]“) such that F = C.
There is a closed family F C KC((0,1)“) such that F = C.
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What about clopen, open, and F, subsets of /C([0, 1]“)?

There are only four clopen subsets of £([0,1]*):

0, {0}, K([0, 1)\ {0}, K([0,1]*).
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Let X be a metrizable compact space.

m m(X) := number of connected components of X.
n(X) := number of nondegenerate components of X.
t(X) := (m(X), n(X)) if m(X) < w, oo otherwise.
T:={(mn): m>necw} Ty :={(mn)eT:m>0}.
We define a partial order < on T U {o0}:

m (0,0) is not comparable with anything,
m T, is ordered by the product order,
moo>tforeveryte T,.

For t € T U{oc} we define the principal upper class
U = {X : t(X) > t}.



Principal upper classes

We have the following classes of metrizable compact spaces:
m Upo = {0},
m Ui o — all nonempty compacta,

m Uy1 — all infinite compacta,
m U o UU,1 — all nondegenerate compacta,
® Upmo — all compacta with at least m components,

® UmoUUy1 — all compacta with at least m points.
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Since the finite spaces are dense in K([0, 1]*), not every principal
upper class is open. However, this is essentially the only obstacle.

Let RC T U {o0}.

m We say that R is nice if (m,0) € R for some m > 0 whenever
RN (T4 U{oco}) # 0. This holds if and only if | J,cg Ut
contains a nonempty finite space whenever it contains a
nonempty space.

m We say that R is an antichain if it is pairwise <-incomparable.
Note that every antichain is finite, and that no nice antichain
contains oo.

m By A(R) we denote the set of all <-minimal elements of R.
Note that this is the only antichain A such that
Usealt = UpegUs. It follows that A(R) is nice if and only if
R is nice.
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Special open classes

Let s: I — Ny be a finite function.

m The special open class O; is the class of all metrizable
compacta K having a clopen decomposition {K; : i € I}
such that |Ki| > s(i) for every i € .

Let X be a metrizable space and let U C IC(X) be open.

m The set U is of the shape s if there are disjoint open sets

Ui € X and V;; C U for i € | and j < s(i) such that
U= Ui U N Nierjesiy Vij-

m The set U is exactly of the shape s if additionally every set

utrn ﬂ.<s(,.) V;; contains a connected space.

j
Observation

A space K € KC(X) has a neighborhood of the shape s in IC(X) if
and only if K € Os. It follows that Os N K(X) is open.
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Special open classes

For every finite function s: [ — N there is a nice antichain
Rs € T such that Os = g Us.

Examples

m Oy =Upo = {0}

m O) = Uy — all nonempty compacta.

m Oy =U11 Ul — all nondegenerate compacta.

8 O(m) = U11 Ul — all compacta with at least m points.

® O@:icm) = Umo — all compacta with at least m components.
m On,1,1,2,34) =Us 3 UU72 Ul 1 Ulh20.
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To every type t € T U {oo} we associate a set of finite functions

s {stm—=Ny:[{i<m:s(i)>1} <n} ift=(m,n),
f {s:m—>N+:m>0} if t =o00.

Proposition

m We have Ur = [ s, Os.
m For every m € N there is s; ,, € S; such that
ut c Ost,m - Z/{t U um,O-

Proposition
Let RC T U{o0}.
The set | J,cgr U: N K([0, 1]*) is open if and only if R is nice.
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Let s: | — N be a finite function. For every compactum Y € O,
and every open set U C K([0, 1]¥) exactly of the shape s there is a
compactum Y’ € U homeomorphic to Y.

Proposition

Let X, Y € K([0,1]“). A homeomorphic copy of Y is contained in
every neighborhood of X if and only if t(Y) > t(X).

Proposition

Every open set U C KC([0,1]*) is equivalent to |y, Us(x)-
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Open classes

m We denote the set of all nice antichains in T U {oo} by R.
These are finite subsets of T.

m For every R € R we define the open class Og := |J,cg Ut

m For every open U C ([0, 1]“) there exists exactly one R € R
such that U = Og.

m For every R € R we have Og = Og N K([0, 1]*), which is
open.
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Proposition

Let us have
m a finite function s: / — N, and a metrizable space X,
m an open set U C KC(X) of the shape s,
m an open set V C K([0, 1]) exactly of the shape s.

For every compact set H C U there is a compact set F C V and a
homeomorphism ®: 1 — F such that ®(H) = H for every H € H.

For every strongly compactifiable class C C Os there is a compact
zero-dimensional family & C V equivalent to C

Theorem
Every F, subset of K([0,1]“) is equivalent to a closed subset.
Strongly compactifiable classes are stable under countable unions.
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Thank you for your attention.



