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Examples

@ The Cohen forcing C destroys
Nwd = {AC Q: Ais nowhere dense}.
@ The random forcing B destroys
Iijn={ACw\ {0} : Ypeal/n < oo}
but cannot destroy Nwd and
Z={ACw\{0}:|ANnn|/n—0};

and C cannot destroy Z/, and Z.
@ P destroys Fin @ Fin={A Cw x w : ¥ n ((A)n s finite) } iff
[P adds a dominating real.

@ If P adds new reals, then it destroys Conv=id{C C Q: Cis
convergent in R}.
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The Hru8ak-Zapletal characterization

Let / be a o-ideal on “2 (or on “w), then the trace of /, an ideal
on <¥2 (on <“w resp.), is defined as follows:

uw()={AC<v2:{xe“2:3° nx|ne A} € l}.

=[A]s, the Gs-closure of A

Notice that P, := Borel(“2) \ / destroys tr(/). For example,
tr(M) ~ Nwd; tr(\) is a tall Borel P-ideal, Zy,, C (V) C Z;
and tr(C,) is a coanalytic ideal.

Assume that P, is proper and / satisfies the continuous reading
of names. Then P, can destroy an ideal S iff S <k tr(/) [ X for
some X € tr(/)*, that is, there are an X € tr(/)* and an

f: X — wsuch that f~1[A] € (/) for every A€ S.
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Mathias-Prikry and Laver-Prikry

(s,F) e M(Z*) if s € [w]~* and F € Z*; (So, Fo) < (51, F1) if 59
end-extends sq in F4 (i.e. o\ 81 € Fy) and Fy C Fy.
Tel(Z*)if T C<“wisatreesuchthat {n:t"(n)e T} € Z*
forevery t € T above stem(T); To < Ty if To C T3.

Both M(Z*) and LL(Z*) are o-centered and destroy Z.

Observation

The M(Z*)-generic set is Z-positive for Z = Nwd, Zy /5, Z, and
Conv, and it belongs to Z for Z = Fin ® Fin.

Moreover, no forcing notion can add a Fin ® Fin-positive set
which has finite intersection with all A € Fin ® Fin N V.

The LL(Z*)-generic is Z-positive for Z = Nwd, Conv, and it
belongs to 7 for 7 = 7y, Z, Fin ® Fin.
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@ We say that P can +-destroy the Borel ideal Z, if I’ adds
an H € 7 such that

pIF|AN H| < w for every A e ZV” for some p € P.

@ The associated cardinal invariants are
non(Z*t,7) =
min{|P|:PCZtandVAecZ3IPecP|ANP|<w},
cov(Zt,7) =
min{|C|:CCZandVPeZItJAcCI|PNA =w}.

@ If Z can be +-destroyed then cov(Z+,7) > w.
@ non(Z*,Z) > non([w]*,Z) and cov(Z",Z) < cov([w]¥,T).
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We know that non([w]®, Conv) = w and cov([w]¥, Conv) = ¢.
(1) non(Conv™, Conv) = w and cov(Conv't, Conv) = .

(2) If P adds new reals then it +-destroys Conv.

Problem
Which Borel ideals are (+-)destroyed by adding any new reals?

={ACwXxw:limsup,e, |(A)n| < oo}
We know that non([w]¥, £D) = w and cov([w]“, ED) = non(M).
(1) non(EDT, ED) = cov(M) and cov(EDT, ED) = non(M).
(2) P +-destroys £D iff P destroys ED iff P adds an e.d. real.

Problem
Is it true that destroying an F, ideal implies +-destroying it?
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Examples

Nwd = {AC Q:int(A) =0}
We know that non([w]¥, Nwd) =w and cov(|w]*, Nwd) =cov(M)
(Balcar, Hernandez-Hernandez, Hrusak).
(1) (Keremedis) non(Nwd*,Nwd) = w and
cov(Nwd", Nwd) = add(M).
(2a) If P adds Cohen reals then it destroys Nwd. If P +-destroys
Nwd then it adds dominating and Cohen reals.

(2b) If P adds a Cohen real and IFp“Q adds a dominating real”,
then P x Q +-destroys Nwd.

(2c) If P has the Laver property then P cannot destroy Nwd and
P« C cannot +-destroy Nwd.
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that P, is proper. Then the following holds:

@ P, cannot destroy S iff whenever (Bp)ne. is an infinite-fold
cover of an /-positive set by Borel sets, that is,

{x e X:{new:x e By}isinfinite} € I,
then there is an S € S such that (Bj),cs is an infinite-fold
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@ P, cannot +destroy S iff whenever (B)new is an S*-fold
cover of an /-positive set by Borel sets, that is,
{xeX:{new:xeBy}eSt} el

then there is an S € S such that (Bp),cs is an infinite-fold
cover of an /-positive set.




+-destroying ideals
[e]e]ele] ]

Forcing with M(Z*) and LL(Z*)

Let Z be a tall Borel ideal. Then the following are equivalent:
(a) The M(Z*)-generic +-destroys Z. (b) M(Z*) +-destroys 7.
(c) Z can be +-destroyed. (d) cov(Z",Z) > w.




+-destroying ideals
[e]e]ele] ]

Forcing with M(Z*) and LL(Z*)

Theorem

Let Z be a tall Borel ideal. Then the following are equivalent:
(a) The M(Z*)-generic +-destroys Z. (b) M(Z*) +-destroys 7.
(c) Z can be +-destroyed. (d) cov(Z",Z) > w.

Theorem

Let Z be a tall Borel ideal. Then the following are equivalent:
(a) The L(Z*)-generic +-destroys Z. (b) non(Z+,Z) = w.

| A

A




+-destroying ideals
[e]e]ele] ]
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Theorem

Let Z be a tall Borel ideal. Then the following are equivalent:
(a) The M(Z*)-generic +-destroys Z. (b) M(Z*) +-destroys 7.
(c) Z can be +-destroyed. (d) cov(Z",Z) > w.

Theorem

Let Z be a tall Borel ideal. Then the following are equivalent:
(a) The L(Z*)-generic +-destroys Z. (b) non(Z+,Z) = w.

A

Proofs: Apply Laflamme’s characterization of winning strategies
in the games G(Z*, [w]~*,Z7") and G(Z*,w,ZT).
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Proof: Let X be a name for a Z-positive set, To € L(Z*), and
e > 0 such that To IF limsup,,c,, [ X N [27,27F7)| /2" > e. We
show that there is an A € Z such that Ty I- [ X N A| = w.

There is a sequence (Fin)mew S-t. To FFn € XN [27, 2™ 1) and

|Fm| /2" > & for some n, and max(Fp;) < min(Fppq)”.
An s e Split( Ty) favors Fj, = E if

VT<Ty(stem(T)=s — 3T <TTIFFy,=E).

Define om (m € w) on Split(To): om(s) = O if there is an ES, such
that s favors F, = Ej); and om(s) = o > 0'if pm(S) £ « and
{n:om(s™(n)) < a} € Z*. Then dom(om) = Split( Ty) and
(w.l.o.g.) om(s) > 0 for every m > |s|.
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sfavors Fp = E:V T < Ty (stem(T) = s — T Fry  E).
om(s) = 0: 3 E, (s favors Fp, = E});
and om(s) = a > 0: gm(S) £ aand {n: gm(s™(n)) < a} € Z+.

If om(s)=1 then define

fm7s . Ym’s:{n . Qm(SA(n)):O} = Unew {E g Pn . |E‘/2n>€},
fms(n) = ES ", i.e. s~(n) favors Fry = frs(n) (@nd Y s € Z7).
Thereisan Ac Zst. Y, s ={ne Yns: ANfns(n) #0} € Z*
whenever gp(s) = 1. We claim that Ty IF |[X N A| = w.

Let T < Ty, stem(T) = t,and M € w. Fix an m > M, |t|, then
om(t) > 0 and hence there is a s € T Nt of m-rank 1, and so
an n € Yy, g such that s™(n) € T. As s™(n) favors F=fm s(n),

thereis a T < T [(s™(n)) which forces F, = fr.s(n), and we
know that An f, s(n) # 0 and of course fy s(N) C w \ M.




Thank you for your attention!
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