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Let F, G be families of real-valued functions on a set X.

We say that X has a property DL(F, G) if any function from F is a discrete limit of
a sequence of functions from G.



Convergence of (f,, :n € w), fo,f: X —R

Pointwise convergence fn—f

(Vz € X)(Ve > 0)(3no)(Vn € w)(n > ng — | fu(z) — f(x)] < ¢)

Monotone convergence fo /' f fo \\ f

fn/‘f@fn_’f/\(vnew)fngfanl
InNf e fn—= fANREW) fn> frt1

Quasi-normal (equal) convergence QN fn 5 f
there exists (e, : n € w) converging to 0 such that

(Vo € X)(3no)(Vn € w)(n 2 no — |fn(z) — f(z)| <en)

Discrete convergence D fn = f

(V& € X)(3no)(¥n € w)(n > ng — falx) = f(x))
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Let F, G be families of real-valued functions on a set X.

We say that X has a property DL(F, G) if any function from F is a discrete limit of
a sequence of functions from G.



the family of all real-valued functions on X

the family of all functions on X with values in [0, 1]
the family of all Borel functions on X

the family of all first Baire class functions on X

the family of all AS-measurable functions on X

the family of all upper semicontinuous functions on X
the family of all lower semicontinuous functions on X

the family of all continuous functions on X

FCXR F=7FnX0,1]
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Theorem
Let X be a normal space, f : X — R. The following are equivalent.
(1) f is a discrete limit of a sequence of continuous functions on X .
(2) f is a quasi-normal limit of a sequence of continuous functions on X .

(3) There is a sequence (Fy, : n € w) of closed subsets of X such that f|F,, is
continuous on Fy, foranyn € wand X = Fn,.
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Theorem
If A is an analytic subset of a Polish space then A has DLIMASY, C(X)).
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Proposition
Any perfectly normal QN-space has DL(MAY, C(X)).

Theorem
A perfectly normal space X is a QN-space if and only if X has Hurewicz property and

DL(B1, C(X)).
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@ Bukovsky L., Rectaw I. and Repicky M., Spaces not distinguishing pointwise and quasinormal convergence of real functions,
Topology Appl. 41 (1991), 25-40.

A topological space X is a QN-space if each sequence of continuous real-valued
functions converging to zero on X is converging quasi-normally.

» Tychonoff QN-space is zero-dimensional
» any QN-subset of a metric separable space is perfectly meager
» perfectly normal QN-space has Hurewicz property

\4

non(QN-space) = b
b-Sierpinski set is a QN-space (exists under b = cov(N) = cof(N))

v

@ Rectaw |., Metric spaces not distinguishing pointwise and quasinormal convergence of real functions, Bull. Acad. Polon. Sci.
45 (1997), 287-289.

@ Miller A.W., On the length of Borel hierarchies, Ann. Math. Logic 16 (1979), 233-267.

» perfectly normal QN-space is a o-set
» the theory ZFC + “any QN-space is countable” is consistent
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Appl. 112 (2001), 13-40.

Proposition

Let X be a perfectly normal space. The following are equivalent.
(1) X is aco-setwith DL(MAY, C(X)).
(2) X possesses DL(B1, C(X)).
(3) X possesses DL(B, C(X)).



@ Cichon J. and Morayne M., Universal functions and generalized classes of functions, Proc. Amer. Math. Soc. 102 (1988), 83—89.

@ Cichon J., Morayne M., Pawlikowski J. and Solecki S. Decomposing Baire functions, J. Symbolic Logic 56 (1991), 1273—-1283.

Let F, G be families of real-valued functions on a set X.



@ Cichon J. and Morayne M., Universal functions and generalized classes of functions, Proc. Amer. Math. Soc. 102 (1988), 83-89.

@ Cichon J., Morayne M., Pawlikowski J. and Solecki S. Decomposing Baire functions, J. Symbolic Logic 56 (1991), 1273—-1283.

Let F, G be families of real-valued functions on a set X.

dec(F, G) denotes the minimal cardinal « such that any function from F can be
decomposed into x many functions from G.
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Let F, G be families of real-valued functions on a set X.

dec(F, G) denotes the minimal cardinal « such that any function from F can be
decomposed into x many functions from G.

X is usually a Polish space.



Theorem
(a) Let X be a topological space. Then
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(VY C X) DL, C(Y)) = (VY C X) DL(L, C(Y)).



Theorem
(a) Let X be a topological space. Then

DL, C(X)) = DL(L, C(X)) = DLU, C(X)) = DL(L, C(X)) =
(VY C X) DL, C(Y)) = (VY C X) DL(L, C(Y)).

(b) Let X be a perfectly normal space. Then

DLU, £) = DL(L, U) = DL(L, C(X)) = DL(B1, C(X)) = DL(B, C(X)).
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» Lindenbaum’s Theorem: there are lower semicontinuous functions g : [0, 1] — [0, 1]
h:X —[0,1] suchthat f =goh

» for h: (Fp, : n € w) of closed subsets of X, h|F, is continuouson F,,, X = |J Fn

new



v

v
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Lindenbaum’s Theorem: there are lower semicontinuous functions g : [0, 1] — [0, 1],
h:X —[0,1] suchthat f =goh

for h: (F,, : n € w) of closed subsets of X, h|F}, is continuouson Fy,, X = |J Fn
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f|Fn = g o h|Fy is lower semicontinuous on F,,
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F,-measurable function f : X — [0, 1]

Lindenbaum’s Theorem: there are lower semicontinuous functions g : [0, 1] — [0, 1],
h:X —[0,1] suchthat f =goh

for h: (F,, : n € w) of closed subsets of X, h|F}, is continuouson Fy,, X = |J Fn

new

f|Fn = g o h|Fy is lower semicontinuous on F,,

for g: (Fn,m : m € w) of closed subsets of X, f|Fy m = g o h|Fy,m is continuous
on Fn,m, F, = U Fn,m

mew



@ Lindenbaum A., Sur les superpositions des fonctions représentables analytiquement, Fund. Math. 23 (1934), 15-37.

9. Théoréme. Il existe une fonction A semi-continue inférieu-
rement, telle que, pour tout nombre ordinal 8 (0 <<B<C ), chaque
JSonction f de classe £, peut étre representde sous la _forme:

f='2091

la fonction g (ne premant que des valeurs irrationnelles) étant conve-
nablement choisie dans £,.

@ Cichon J., Morayne M., Pawlikowski J. and Solecki S. Decomposing Baire functions, J. Symbolic Logic 56 (1991), 1273—-1283.

THEOREM 4.4 (A. Lindenbaum). There exists g € Ly such that L, (Z) = {g o h:
he Uy(Z)} for every o < w, and every Polish space Z."
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Baire 1899: Young 1910:

Bo(X) = C(X) Lo(X) = Up(X) = C(X)

Ba.(X) = {f tfn— fAfn € U Bﬁ(X)} Lo(X) = {f cfn S FAFa € U Uﬁ(X)}
B<a

B<a

Ua(X) = {f N SAfae U L/a(X)}

B<a

La

NN

o
\/\/ /

Ua



M9 (X) = {f: (YU openin [0,1]) f~*(U) € 5%(X)}
MS0(X) = {f: (vr €[0,1]) f~H((r,1]) € B2(X)}
MEQ(X) = {f: (¥r € [0,1]) F7H([0,7) € B2(X)}

Ba(X) = ME 4 (X)
La(X) = M0 (X)
Uq(X) = MEQ(X)

M9 M9 Mxg
SN SN /
M9 M9 Mg e MY
\ / NS N
Mz M

B CSASZAR, A., LAczkoVvICH, M.: Some remarks on discrete Baire classes, Acta Math. Acad. Sci. Hung. 33 (1979), 51-70.

@ SIKORSKI, R.: Funkcje Rzeczywiste I, Panstwowe Wydawnictwo Naukowe 1958.
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Theorem (A. Lindenbaum)
Let X be a perfectly normal topological space, o < wi. Then there exists a
g € Li1([0,1]) such that

Lot+1(X) = go Uqs(X,[0,1]).
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Corollary

Let X be a perfectly normal topological space, o < w1. Then we have
Lot1 =LioUg=LjioLys =L;ioB,
Uag+1 =UjoLy=U;0U, =U; 0B,
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Theorem (A. Lindenbaum)

Let X be a perfectly normal topological space, o < wi. Then there exists a
g € Li1([0,1]) such that
Lay1(X) = go Ua(X,[0,1]).

Corollary
Let X be a perfectly normal topological space, o < w1. Then we have

Lot1 =LioUg=LjioLys =L;ioB,
Uqa+1=UjoLy =U;0U, =U; 0B,

Theorem (A. Lindenbaum)
Let X be a perfectly normal topological space, 0 < «, 8 < wi. Then

Lﬁ+a(X) = La([ov 1]) © Lﬁ(X? [07 1])
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SetS C [0,1],dense in [0,1], ¢ : “S — T C [0, 1] is a homeomorphism.

Definition
Let X be a topological space, (f;),.., be a sequence of functions from X[0, 1]. The
coding function of (f;) from X to “[0, 1] is defined by

f(z) = (fi()icw -

1<w

Proposition

Let X be a perfectly normal topological space, o < w1, (fi);,, be a sequence of
functions from Lo (X, S). Then ¢ o f € Lo (X).
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SetS C [0,1],dense in [0,1], ¢ : “S — T C [0, 1] is a homeomorphism.

Definition
Let X be a topological space, (f;),.., be a sequence of functions from X[0, 1]. The
coding function of (f;) from X to “[0, 1] is defined by

f(z) = (fi()icw -

1<w

Proposition

Let X be a perfectly normal topological space, o < w1, (fi);,, be a sequence of
functions from Lo (X, S). Then ¢ o f € Lo (X).

Proposition
The function's : “[0,1] — [0, 1] defined by

s((ti)j<,,) = sup{t; : i <w}

is inLy(*[0,1]).



Thanks for Your attention!
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