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Motivation: Two topics on uncountable linear orders

Theorem
The assertion (B) means that any two X+ -dense sets of reals are order-isomorphic.
(Baumgartner) (B) is consistent.
(Todorcevi¢) PFA implies (B).
(Abraham-Shelah) [t is consistent that MAy, holds and (B) fails.

Theorem

The assertion (T) means that every Countryman line contains an isomorphic copy of
Todorcevic’s Countryman line C(po) or its reverse.

(Todorcevi¢) PFA implies (T), in particular, MAx, combining with the assertion that
any two Aronszajn trees are club-isomorphic implies (T).

(Peng) It is consistent that MAy, holds and (T) fails.
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Motivation: Two topics on uncountable linear orders

Theorem (Aspero-Mota)
Define PFA™(R+) which satisfies that
@ PFA = PFA™(R,) = MAy,, and converse implications may fail,

@ it is consitent that PFA™(Xy) (in particular 5) holds and 2% > Rj.

(Todorcevi¢) PFA implies (B).
Question. Does PFA™(Ry) imply (B)?
(Abraham-Shelah) It is consistent that MAy, holds and (B) fails.

(Todorcevi¢) PFA implies (T).
Proposition. PFA™(X,) implies (T).
(Peng) It is consistent that MAy, holds and (T) fails.

(B) Any two N¢-dense sets of reals are order-isomorphic.

(T) Every Countryman line contains an isomorphic copy of Todoréevi¢’s Countryman line C(pg) or its reverse.
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Review 1: (Abraham-Shelah). Con( MAx, & —(B) ).

Definition (Abraham-Shelah)

Let kK € N, kK > 2. An uncountable set E of reals is called k-entangled if, for any
pairwise disjoint {o¢ : £ € w1} C [E]¥ and any d € {0, 1}, there is {¢,n} € [w1]? such
that o¢ £q o: Either Vi < k(d(i) =0+ (i-th element of o¢) < (i-th element of a,,))

orVi < k(d(i) =0 <> (i-th element of o)) < (i-th element of 0'5)).

Proposition
A k-entangled set of reals gives a counterexample of (B).

Lemma (Abraham-Shelah)

For a ccc forcing notion P, if P destroys a k-entangledness of E, then there exists a ccc
forcing notion A(P) that adds an uncountable antichain of P and forces that E is still
k-entangled.

Theorem (Abraham-Shelah)
For each integer k > 2, it is consistent that MAx, holds and there exists a k-entangled
set of reals.
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Review 1: (Abraham-Shelah). Con( MAx, & —(B) ).

Lemma
For a forcing notion P, if P destroys a k-entangledness of E, then there exists a proper
forcing notion A(P) which forces that P collapses wy and E is still k-entangled.

Proof. Let P be a forcing notion such that Ifp“ E is k-entangled ”. Then there are
p e P,de*{0,1} and a P-name / such that

plkp“ 1 C [wi]” is a pairwise disjoint uncountable L s-homogeneous set”.

Define

. k+1 .
S(P,p,d,l) = S(P) := {(q,Z,n) €Px [[m]k] Wi q<pp& e EC /}
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Review 1: (Abraham-Shelah). Con( MAx, & —(B) ).

@ plkp” Ic [w1]¥ is a pairwise disjoint uncountable _L,-homogeneous set”,
o S(P,p,d,I) = S(P) := {(q,Ln) ePx W] xw:g<pp&qlre*T vl
A(P,p, d, ) = A(P) that consists of the pairs (A, W) such that

@ M is a finite e-chain of countable elementary submodels of Hy which contains the

set {E, P,p,d, 7},

@ W e [S(P)<*, and, for each x € W, write x = (g%, ¥, n*),

@ for each x € W, ¥ is separated by N,

@ the set {X*: x € W} is also separated by N, and

o forany {x, y} € [W}3, if XU X’ is 1 4-homogeneous, then n* # n”,

N, W) <sppai (N W)= NODN' &WDW.

Note that .A(P) is proper and preserves E to be k-entangled.
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Review 1: (Abraham-Shelah). Con( MAx, & —(B) ).

@ plkp” e [w1]k is a pairwise disjoint uncountable | 4-homogeneous set”,
® S(P,p,d, 1) ={(a,T,n) € Px [fur]]""

@ For each (N, W) € A(P,p,d,]) = A(P)and x = (¢, =, ), y = (¢, £, ) in
W, if ¥ U XY is 1 4-homogeneous, then n* # n’.

Xw:q<pp&qlp“T CI"},

For x,y € S(P,p,d, ), if ¢ Lp q’, then n* # n holds, because for r <, g*, ¢”,
rikp“ XU’ C I, hence ¥* U Y is L4-homogeneous ™.

Therefore,
IFagp) “IFp lot ¥ = {): :(q,Z,n) €| J Gaey with g € 'Gp} :

then {max(U Y):Xe Y} is cofinal in wy ", and

Y 5 w is injective 7 ”.
W w
> +— n,whichis the unique n
so that (g, %, n) € |J Gap) with g € Gp 0
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Review 2: (Asperd-Mota). Con( PFAT™(R) & 2% > X ).

Definition (Aspero-Mota)
@ A forcing notion P is called finitely proper if, for any large enough regular cardinal
A, any finite set {N; : i € n} of countable elementary submodels of Hy containing
P as a member, andany p € PN ﬂ N;, there exists an extension of p in P that is

ien
(N;,P)-generic for all i € n.
@ PFA™ () is the forcing axiom for all finitely proper forcing notions of size Xy and
Ni-many dense sets.

Proposition
The following assertions follow from PFA™ ().
@ MAy,,
e U,
@ there are no weak club guessing ladder systems,
@ any two Aronszajn trees are club isomorphic.

Teruyuki Yorioka (Shizuoka U.) A fragment of Aspero-Mota’s finitely PFA and an entangled set of reals July 2,2018 8/16



Review 2: (Asperd-Mota). Con( PFAT™(R) & 2% > X ).

To force PFA™(Ry) together with 2% > Ry, use an iteration of V-finitely proper forcing
notions by finite support equipped with models as side conditions.
Suppose CH. Let
@ « be an uncountable regular cardinal with £ > X, and 2<" = k,
@ ¢ : k — H, be a surjection such that, for any x € H,, ®~'[{x}] is unbounded in x,
® Mo :={M e [H]¥ : M < (H., ®)}.

Definition (Todorcevi¢, Aspero-Mota)
A finite subset S of M, is called a symmetric system if
@ foreach MM € S,ifwiNM=wiNM, then M ~ M,
@ foreach M,M' € S, if vy N M’ < wy N M, then there exists M € S such that
M’ ~Mand M € M",
o for each Mo, M; € Sand M' € SN My, if w1 N My = wy N My, then Wy m, (M) € S,

@ foreach M,M’ € S, if ws N M =wy N M, then Wy u | (x N M N M) is identity.
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Review 2: (Asperd-Mota). Con( PFAT™(R) & 2% > X ).

By induction on « € k&, define P, which consists of p = (Rp, Ap) such that

@ R, C Mo X a, dom(Rp) is a symmetric system and, for each M € dom(Rp), the
range of RN ({M} x «) is an initial segment of a N M,

@ A, is a function with domain a finite subset of « such that, for any ¢ € dom(Ay),
®(&) is a P.-name for a V-finitely proper forcing notion on wy, andif p | ¢ € P,
then forany M € R, '[{¢}] := {M € dom(Rp) : (M, &) € Ry},

P I € lkzc* Ap(€) Is (MIG], ®(€))-generic”,

g <p, p <= Ry 2 R, & forany ¢ € dom(Ay),
qléE<e, PlE&QTEIp " Ag(§) <o) A(E)”

Note that P, has (2")"-cc, hence CH implies that P, has R»-cc.

Want to show that, for any p € P,, ¢ € dom(Ap), and M € Ry~ '[{¢}], pis
(M, P¢)-generic. However, if M doesn’t have enough information on P¢, it would not be
possible.
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Review 2: (Asperd-Mota). Con( PFAT™(R) & 2% > X ).

@ 6= (2")" and b, := (2S“F’{"ﬂﬁ€“})+ for each a € &,
e foreach o € v, M, := {N* € [Hp, ] : N* < Hp, ,{®, (0 : £ <)} € N*},
Mo :={N*NH,: N € M}
Definition (Asperé-Mota)
By induction on « € &, define P, which consists of p = (R, Ap) such that
@ R, C My x o, dom(Rp) is a symmetric system and, for each M € dom(R;), the
range of RN ({M} x «) is an initial segment of « N M such that, for any £ < «,
Ro '[{€}] := {M € dom(Rp) : (M, &) € Ro} € M,
@ A, is a function with domain a finite subset of « such that, for any £ € dom(A),
®(&) is a P.-name for a V-finitely proper forcing notion on w+, andif p | ¢ € P,
then for any M € R, '[{¢}],

p 1€ lbp, " Ap(€) is (MG, ®(€))-generic”,

g<e, p < Ry D R, &forany ¢ € dom(Ap),
qIE<p, PIE&QIEIe “ Ag(€) <o) Ap(§) ™
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Review 2: (Asperd-Mota). Con( PFAT™(R) & 2% > X ).

Theorem (Aspero-Mota)
@ Fora < B < k, P, completely embeds into Pgs.
Q ForN* e M}, andp € P,,
if{N* N H.} x (a N N*) C Ry, then p is (N*,P,)-generic.
In particular, if (N* N H..,a) € Ry, p is (N*,P)-generic.
© Let P} be the direct limit of the P,,. Then P}; is proper and forces that PFA™ ()
holds and 2™ = k.
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Review 2: (Asper6-Mota). Con( PFA”“(N1) & 2% > R, ), and Result

Let E be a k-entangled set of reals. Want to force PFA™ () combining with preserving
E to be k-entangled.
For a < x, define Asper6-Mota iteration P£ such that, at stage ¢ < a,
if ®(¢)isa ]P’f—name for a V-finitely proper forcing notion on w¢ and
preserves E to be k-entangled, then force ¢(¢),
if ®(¢)isa ]P’f—name for a V-finitely proper forcing notion on w¢ and
destorys the k-entangledness of E, then force A(®(¢)) whose
conditions (A, W) satisfy that V" C R, '[{¢}]. (This seems to be
necessary to show that P£ preserves E to be k-entangled.)

Attention 1.
For p = (Rp, Ap) € P and M € dom(R,), the marker of M cannot be increased freely.
Because a condition p € PP, is required that, for any M € R, '[{¢}],

P 1€l Ao(€) is (MIG], ®(¢))-generic”.

So to accomplish * * * above, a condition p = (Rp, Ap) of P£ should be required that,
for each ¢ < a, R, '[{£}] forms a symmetric system.

Attention 2.
Even if M, No, Ny € M¢, M € No and No ~ Ny, Wy, v, (M) may NOT be in M. J

Hence we introduce a new M, and give up forcing the whole PFA™(R;).
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Review 2: (Asperé-Mota). Con( PFA™(R;) & 2% > X, ), and Result

Definition (Miyamoto)
Define a symmetric system of countable elementary submodels of the relational
structure like
<Hﬁa G,P, S]P” sz ng, HEv Ea ¢> )
and define M”, for each a < &, with the property:
@ Forany M, No, Ny € M¢ with M € No and No ~ Ny, Wy, n, (M) is in ME,
@ Let P, be Asperé-Mota iteration with the property that, for each ¢ < a, R, '[{¢}]
forms a symmetric system.
Under some assumption, it is possible to show that P, is proper as a class forcing,
more precisely, for any N € M5 and p € P, , if {N} x (an N) C Rp, then piis
(N, P, )-generic.

Definition
Define IP£ as above, but conditions p = (Rp, A,) satisfies that for each ¢ < a, Ry~ '[{¢}]
forms a symmetric system.
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Review 2: (Asperé-Mota). Con( PFA™(R;) & 2% > X, ), and Result

Definition

@ For a forcing notion P, a countable elementary submodel M of Hy containing P as
amember, and p € P, p is called a solid (M, P)-generic condition if, for any
countable elementary submodel N of Hy containing P as a member with
w1 NN =wi N M, pis (N,P)-generic.

@ A forcing notion P is s-finitely proper if, for every large enough regular cardinal ),
every finite set {N; : i € n} of countable elementary submodels of Hy containing P
as a member, and every p € PN ﬂ N, there exists an extension of p in P that is
solid (N;,P)-generic for all i € n. -

© PFAS"(%,) is the forcing axiom for all s-finitely proper forcing notions of size X
and Ry-many dense sets.

Proposition

PFAS"(X,) also implies MAy,, U, that there are no weak club guessing ladder
systems, and that any two Aronszajn trees are club isomorphic.

It is not known for sure whether PFAS™(R;) is equivalent to PFA™(xy).
Definition

Define P£ as above, but replace V-finitely proper with V-s-finitely proper in the
definition.
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Review 2: (Asperé-Mota). Con( PFA™(R;) & 2% > X, ), and Result

Theorem (Miyamoto-Y.)

@ Fora < B < k, PE completely embeds into IP§.

Q ForNe M, andp e PE,if (NN H,} x (anN) C Ry, then is p (N, P§)-generic?
To show this, a trouble would be happened when « is > w» and is of uncountable
cofinality.

For a predense subset D € N of P£, we have to build an extension g, that is
compatible with some condition in D, of a given p such that, for any ¢ < «,
Ry "[{£}] forms a symmetric system.

Theorem (Miyamoto-Y.)

Q Fora < B < k, PE completely embeds into P§.

Q Ifa < wp, thenforN € MF,, andp € PE, if (NN H.} x (anN) C Ry, then p is
(N, PE)-generic.

© Suppose that k. = Ny, and Let PE* be the direct limit of the PE. Then PE* is proper,
preserves E to be k-entangled, and forces that PFAS™(Ry) holds and
2% — i = N,. Consequently, for each integer k > 2, it is consistent that
PFAST (%) holds, 2% = r = Ry, and there exists a k-entangled set of reals.
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Review 2: (Asper6-Mota). Con( PFA”“(N1) & 2% > R, ), and Result

(Todorcevi¢) PFA implies (B).
(Miyamoto-Y.) PFAS"(x;) imply (B).
(Abraham-Shelah) It is consistent that MAy, holds and (B) fails.

(Todorcevi¢) PFA implies (T).
Proposition. PFAS™ () implies (T).

(Peng) It is consistent that MAy, holds and (T) fails.

(B) Any two R1-dense sets of reals are order-isomorphic.

(T) Every Countryman line contains an isomorphic copy of Todor€evi¢’s Countryman line C(po) or its reverse.
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