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Forcing notions
IP

,
☒
,
. .
-

Names : VIP ±eVP⇔ [ ≤ pxv
"

or
✓
"I IP ?

Evaluation : ±G=±[G) = { IK] : 7peG :(p, ≥) c- ± }

Forcing thm : VF pity /± ) ⇔ V-fa-F.VE/t-qltlG3)
(V - generic )

Composition : If 1PM- is a forcing notion ,
then

1P*:={ lp.de/PxQ:pn-qc--EfnHb)
Identify IP with P×{ %} a P*Q

Remark: (P # E) [G) = [a] , so

"

Itp
-
- IP #

"



General maxim :

adding desired objects is easy

avoiding undesired objects
is haid

needs work

add many
reals

avoid collapsing Cardinals



Cardinal characteristics of the continuum

( Augmented ) Cichon 's Diagram :



month )= How many reals
<

c. =2%
do you

need so that ✓
How many

no meager
set

> reals ?

contains all of them 127112 , WY .
-D

special meager sets
≤ w
"

:

b = How many functions f. w→w

My = {f / Vin : f- In)≠gH} do you need so that
no g

:w→w

dominates all of them ?

fk.mg⇔ -V%fln)≠g(n
)

you

f- ≤
*

of
⇔ 3-noun≥ no fH≤ gln)

f- RBI



More general cardinal characteristics
:

let × ,YE{2Yww} .

We consider Def

binary relations A≤ ✗
✗Y br=min{ 1131 :B≤X ,

with the following properties : V-yc-yi.BR/y }
3- ✗ c-B : ✗ Rly

R = URCK)
k dR=min{ IDI :D

≤Y
,

Each Rlk)
closed

.

txex : ✗
RD

g
, { f / fR(k)9 } meager ]→eD×Ry

( Note : ᵈr=b→ ' ¥.it?,::tr-.)-VfF0jfRYbi-a.si

⑥ .

b≤*=b ≤
*
=D ◦ •

Examples : f- ≤
*
g .

b =nonM ) d = calm )

f- Rn.mg?-Vn:fln7-tgk) R
Rnon non



Cichon 's Diagram ,
assuming CH

•

i. =c

Cichon 's Diagram ,
assuming MA

-1 > CH

•→i•
H C



Cohen's universe cou(ZFC+2¥¥z) )

✗17 EH
i.
null merger

non(Ñ)Corfu)
@ 0 ⑥ (

bio cool

⑨ ①✗
,

°
calm ) non /N )

meager
null



<
c. =2%

How to increase b.How many

> reals ?
consistent

12%4%-7 ( ◦ u ( b ⇒ Hz ) :
b= How many functions f. w→w Iterate forcing extensions

:

do you need so that
no g

:w→w

V V
'%

,

VQ◦*Qdominates all of them ?

.:É
g. ≤
*

g⇔ snit
"" ""

≤ °""

µ each step add a red that

dominates the previous universe
_

(really
?)

In the end , every
set of size Xi

is dominated .



Hechler forcing Limit step w :

when we have defined
successor step for increasing b :

113£11? ≤ 11? ≤ . . . .

D= { Is,f) : sew
"

, few
"

: : :

{1} 1%1+4 IP
,
#¥

tlkslk) ≥fH) }
"
direct limit

"

let Pw = UM
, ,
finite support limit

"

naw

Gif) ≤ f.f)⇔
✗

not really .

'

s
'

≥s , f
'≥f

"everywhere
"

all
"

nice properties of
the Pn

s.v.ke.hn/sY:s'HP-fYk)
≥#

are inherited by /Pw -

Is,f) 11-925 , of
≥ f- .

Result : Con / b=c= Xz )

Hence g dominates all old functions . similarly Con / b=c-=K )

for regular K .



( what happens in limit stages ? ) Ipo ≤ IP. ≤ Me . . . .

: : :

11} 1%1+4 IP
,
#¥

If all ;
are ccc

,
then all Pi will be ccc .

If all : are of size
≤µ ,

then all Pi Ii <wz )

are
" morally

"

≤ ×,

Hense subset)

( CH preserved)
[Hi:/Qi / =c ⇒ Pit c≤

WHY. ]

If all Qi are nontrivial ,

then 11?+w adds a
Cohen real over V11

?



Consequences of Cohen reals

Cohen 's universe
finite support iteration . length

{
Hit [ Xz limit
co) n°) ⑥ C

bo. •d

×
,

• .% , ÷ ,µ, ! ↳
noun ≤ of /d)

≤ calm,

we J regular (Ci :i<d)
↑
ith limit crouched

{ Ci :[ <d}
sized

name"'"
!

an /mid



How to get H
,
< b <c ? "

SMALL FORCING
"

E. g. b = ×} , c=X8

i ¥, ,
'
a

> 5

AssumeVFC
≤ Xp -- %

"

Iterate forcing extensions
d:=wg many steps .

(Inv :) For each ✗
<% , fix a

set Wa ≤ ✗ of size < ×,

is coveted by some Wa
'

such that every
element of [d)

""3

Let It :=(Hechler forcing)n /the universe géiierated
by

{ g, :p
c- Win } )

- - - -
-
-

generic
real , stages

then in ✓[Gj], all sets of size < Y}
will be dominated , so ltpg b ≥ ✗ 3 .



we know how to ensure

ltpg b ≥ ✗ 3 : In each successor stage, take

care of some set of size
< V3

,
use a

small Hechler forcing to dominate it .

How to ensure Itp
,

b ≤ Y} ?

A
" witness

"

for b
≤ X} := An

unbounded set of size X } .

A strong witness for
b≤ Xs : A set 5 ≤ ww, 1st ≥ ×} ,

and : tlgeww:/{ses :S # y} / < ×}
(Any subset of size X}

will be a witness .

Note : If / S / = ¥ ,

5 a strong witness for b } ,

then 5 is also a witness for d⑦Hz .

We will show soon how to { 'a) get(b) preserve } strong witnesses.



Лузин

Strong witness , examples :

A witness for non (M ) = ✗ ^
: L = { ✗i :i< an } , not meager

A strong witness for non /M ) = X , : L = { ✗i :i< an },
every meager

subset} Luziaset
is countable

How to get strong witnesses :

Iterate Cohen reals
,
finite support , length t.su

Get a sequence c-=/ ci : ict ) .

. _
-
-
- ☆ = .→

K ≤ d : k regular ⇒ EIK is a strong witness

- - . for b ≤ K

(also for non(M )
≤ K
,
. . . )



The plan to get ×
,
- b - c

"
"

V ¥7
I 3

( and many other br in between ) :

%,7 %7+w7
V0 '

wz many Cohen
reals

n

w

≥
Hechler forcings

°f≤I
• Witnesses for b≤ V2

Have strong witnesses have disappeared
• It b ≥ ¥3

for b ≤Hi ,
b≤¥

,
_

.

b≤ ¥

also d ≥Y^ , - -
-

d ≥Y7
• Have the strong

witnesses for b≤Y§
survived ? d≥Yz



DEFINITION : ( ✗ regular- Ho . For simplicity : successor)

( also I - good forall
)

IP is - good ( for ≤
* ) if :

For all IP- names E-

there is a set YEV ,
141<1 of

" representatives
"

such that :

Vx : If Y does not bound ×, then neither does ± .

3-y ✗≤y ← ✗ ≤±

V-x://V-yc-y.int#y)=1tpX$*z=]

Example : If / Plot .
Proof :

Let N < Hbd , IN / = / IP )
,

Pu { B) ≤ N . ≤c-N

Let Yi=wwnN ,

( PK) now
built Ifk' 2-↑k Assume#:p it

✗ ≤
*
± .
Whey pit✗≤•Note :×¢N )

In N,
interpret z as ¥3.

Then ✗≤c- Y
,
4 .

Putt ✗1h
≤ 2*6=2-74
-
-



DEFINITION : ( ✗ regular> Ho . For simplicity : successor)
"

IP is - good ( for ≤
* ) if :

Foyt: G) If c- = ( Ci : i < K ) for all IP- names E-

there is a set YEV ,
141<1 of

" representatives
"

is a strong
witness

such that :

Vx : If Y does not bound ×, then neither does ±.

for b ≤ K

V-x://V-yc-Y.it#y)=1tpX$*z=]
[ every ≤

*
- bounded subset is

<K]

and if IP is A- good for some 1)
≤ K

( so also K - good )

then It / ci : :<a)
is still a strong witness

IP

(2) Goodness is preserved in FS
iteration .

V7
✓
°

"

wz many Cohen
rents

>"
w

≥
Hechler forcings

%""

↑ of size ≤ Xz
w



For all IP- names E-

Reformulation of there is • set yev ,
141<1 of

" representatives
"

¥- goodness : such that :

Vx : If Y does not bound ×, then neither does ±.

3-y ✗≤y ← ✗ ≤±

V-x://V-yc-y.int#y)=1tpX$*z=]For all NL HH)

of size 7 , with
PEN :

for all ZEN (so 2=63
c-Nla] ) :

Fx : If it ✗ ≤
*

z ,

then ✗ ≤
* wwnN=:y

i. e. FYEY : ✗ ≤
*
y



Let p It ± c-
w

"

. An interpretation

of ± (below p) is a pair (✗
*
,
f),

✗
*Eww

,
p-=(pn ) c- Pw , decreasing ,

V-npnltxfn-H-fnQud-I-s.ES#rtiPpQp:BimitPF
✗<8 .

Po

{ pffn.ES : PEG } ftp.pg:1?:--fpc-Pg:pfac-Gp,}
Then It Pg :B is equivalent to a FS iteration

indexed by six

of forcing Qp
-



Preservation of goodness
in limit stages .d ( successors : homework

)
✗ ≤any ⇔

Kk ≥n ✗ (4) ≤ylk)
Main case : of/8) =w .

✗ ≤
*yzu✗≤uy

ZEN
y

# n

'
w E. [G) c-NEG]

✗ arbitrary Assume Itp,
✗ ≤
*

± ,
but ✗ 4-

*
Y :=wwnN

4- N ?

Find p ,
n : pit

✗ ≤n ± , p ⇐% , ✗
<d.

4N

Work in V[Ga] . Find (a) new interpreting
± as ¥ .

( 2-* is a /B- name )
C- if :B

-

in N ! !

In Vlad] , ✗ 4-
*
2-
* (as 1Pa is good )

( In general : ) Find n
' > n ✗ Cut > 2-

* In') .

{ z : ✗ 4-nᵗ} ( p, ga,) it ✗ fi) > 2-
*
(ri) = ± 4

is open



non (µ )= How many reals +

< c--2×0
do you

need so that ✓
How many

no meager
set

reals ?

contains all of them 12W
,

R
,
WY . -7

My :{ few
" / V-9flnlt-g.in)} meager

How to increase b)Month ) In each step add a reel that
nonµ) covets

dominates the previous
universe .

Con (b) ⇒ Hz ) :
( with a meager set Mg )

Iterate forcing extensions
:

(really
?)

V
,
V
"

,
V
"◦*"

In the end , every
set of size ¥

÷::-_
is dominated; so non /M) ≥ Yz

covered



How to cover the old reals
Hechler :

with a meager set My :{few
! _vʰfH±gH }

Eventually
different: E- { Is, Ky ) : sew

"

,
Kew

q :
w→ [w]≤

k
,

ti Edom
Is) : slit ¢ gli)}

Is
'.li

, y
' ) ≤ ( sik , g)⇔ s

. ≥ s

k
'
≥ k

ti g
'

Ii) ? gli)

The generic function 0g
eventually avoids all f- c-V.

( skip ) "- g ?s , Yi gli ) & Hit }



The left side of Cichon's diagram
plan:

"20
_
_ . . . c=Xw+ , To get

✗↳

MMM ×i!÷""!?"?
Yo
,

✗20 ✗w-13

%

•aBadh¥
MY use a finite support iteration

of (a) Hechler forcing
of

[ If additionally you
want

size ¥8
add /A) = _Hs

,

could)=Ñ ,

(b) eventually different
use Amoeba forcing of size

#

forcingS of size %,
and random forcing' ◦t ""

( length : Hw-13 )or



Coutu)=bN n◦ubnonM Every r- centered

forcing is good

for Rann I RaddN
- b

≤
*

Every Boolean alg . admitting

a finitely add measure

is good for Rudd N
ddlN1=b

adder

IP o- centered : D= UP,
KEW

1Pa centered :V- F ≤ Pk ⇒ 7g _VfeFq≤ f-
finite



In = [272
" -11 )

R= { Kid c- 2%2 " : ten ✗ fin -1--11 In }

Ng=2:{ f) IT flirty positives
-

measure
measures



The plan to get ×
.
- add /b) < color ) < b- non /M ) < C

Hz X's ¥
,

✗ iz
'V16

>✓
°

"

w many Cohen reals
12 alternate : Amoeba forcing , size ✗^

random forcing , size ¥,

Hechler forcing}, size V8

For each of the 4 relations :R Eventually diff , sire ¥

• easily br ≥ target value

• goodness ⇒ b ≤ target value
R

plus: strong witnesses



bltralimits E- { Is, Ky ) : sew
"

,
Kew

q :
w→ [w]≤

,h yiedomls) : slit4447}

Is
' .li

, y
' ) ≤ ( sik . 9)⇔ s

. ≥s

k
' ≥k

ltiqli) ? gli)

Let 1) be an ultrafilter °"
" >

the generic function og
eventually avoids all f- c-✓ _

( skip ) "- g ?s , Yi gli ) & gli
) }

F- (pn : new ) a sequence
-
8888

pn= (S, K ,4.) .

g. = limp p
= Is, 4 , 4) c- E gie gli

) { n : jc-q.li)} c- D

FIT VA ED : 911- An { new
: pn C- G) is infinite .

-

The If fi :i<d) is a strong witness for
bed

,

then IE does not add a real dominating
f- .



Thin If fi :i<d) is a strong witness for
bed

,

then IE does not add a real dominating
f- .

Proof Assume pit fi fi
≤
*

.

all pi-fsil.ci )
tis 7- Pi , ni Pitt fi ≤ni .

wloy all ni=n* Pi "- fi 4*1 _

Find k > n
't sit . (f:iq is unbd . ≤

w

-

w log fi (k) ≥ i for
all i<¥ .

Let q= limp (Pi )iaw .

911- if pi c- G ,
then g (k)

≥ filk) ≥ i

↑ ↑
914--0 ly .

✗ many i



R : = { (f. g) : % flinty /In }≤ 2%2
"

In = [2
"

,
2
""

)

Nf={g:fKet. ( Hifi :i<d) unbd .
then YNf, covers )

-

Assume LEN , ✗ubyCn2
"

Po "
- ✗ Rn◦2 ten≥ no

× / In_tyfIn .

P=U "?
centered

i

Elp
k

Nk For each n find Sue 2£" set . the 1Pa : qityftntsn
2-no s :-. Usn C- N ! !

s . Find large u

✗ / In -_s↑In=Sn
I

c◦v(N)≤ bpn Can force IfIn=sn . Ld



Correctioncorn ⑧ •bRq
0

In __ [ 24,2
"" )

f. w→2 { y : _v%fIIn;¥n }
nositi- meant



nil '
↑
,

>I
>

Cohen reals 1Pa Q2

(witnesses for b≤ d)

For each ✗
,

Wa ≤ ✗ is a

"

small
" subset of a .

In V[ Gp
.

]
,

consider the / small ! )
universe VL

generated by the generics
at B. BE Wa .

This universe is
created by a complete subforcing

lpw
.

=. 112 .

II.e. is equal to VK.gr/Pw.] )

In V[Gp
.

] we use the forcing leg . ) = Hellen VI

11 The
Hechler real added in stage ✗ 11

will dominate V2
'



✗a"

I >

-Hechler of size < Xb
Ev.diff

,
size <

(q : i< to ) nonM

( ci : i < Db )

( ci : i < 1) noun )



R un Fr relation , try { × : ✗Ry § meager .

Linear co final
unbounded b

,
≤ cone of bounds b

,
≥)

LCU (Mt ) : COB ( IP, Xp ) :R DR ≥X R DR ≤M

There is a sequence (£ :aiY There is a <t - directed usually

partial order / 5. ≤) (fu]
"

,
E)

of R- names
which is

of cardinalityµ

forced to be a stray
witness

and a sequence Cds : sees)
~

of IP names sit :

for bp.sk , ok ≥ oft

V1 Fso :

ftp.vy :{ a : CARY} is boarded)

For singular : t.co/P.y--LCu(lP,cfAD Itp Vs ≥ so I
Rds

"

almost everything"

almost nothing is
bounded by y

'

bounds *
"

Remark : LCUIP
,

1) for R = COBCIP, × , b) for
79

witnessed by 15,4=4,4



LCYx-H.it
Example of LCU , COB :

COB
≤* (Hi, , Yo, )

iii.
pIteration P , S Lc!

_ (Ys )

w
,
Cohen Hechler ≤ ✗3 %) COB

. .
(Yg

ev. diff ≤ ¥

In stage ✗≥w, , use a "
small

"

set wack to define Qa

For the relation ≤
*
, define ✗ ER ⇔ Qa .gs

-

- Hechler ,

and
'

Wj ≤% .

% "
9 This is <%

,

- directed

¥ Let d
,
:= Hechler real

added by Qa .

Then /w* , ≤ , ( da),)
witnesses COB /P, Ha , Ypg )

( If y is a name for a real ,

find ✗ sit .
I is in V1 .

For every B :

✗ ER ⇒ ± ≤Ets )

For the relation Rnonm : similar



Fa If K strongly compact ,
D- regular > K Ior just of -0 > K )

then there is an elementary embedding j
:V→M

with the following properties : "

j from K to -0
"

K = cplj)

M
"
≤ M IY / <u ⇒ jlY)=j"Y

j In) ≥ ⊖

of jlk ) = -0

th j ful ≤ max /µ ,
-0)
" If t- ,

then ljk.lk/jlo-)1--0-

Whenever / 5, ≤ ) is
≤ K- directed ,

then j
''s is cofinal in j (

s)

Print: Use ro ( Fun / Q ,

K
,

< n ) ) ,
Boolean ultra power _ _

.

Elements of j /5) will be
"

averages
" of ≤ K elements of 5 .



Let j : ✓→ M be an embedding from v. to -0

P Face . . jlp ) is still ccc (is
still a FS iteration)

• all j (P)
- names of reals are

in M

( ctbly closed ,
ca
! )

◦ M [G)
< "

≤ Mlk) ( in V16]) [ G≤ JIM ,
kgeu

and M - Yen ]

• j
"

P is a complete sub forcing of j (P)

⇐ PI



Let j : V
→ M be an embedding from u to -0

Lcyfp, 1) ⇒ LCU / j ( P) , ja) ) j-cfb.CH)
R

( If X≠k , t regular ,
thent.CO/jlP),t)Vt-P1tif-q:ai) strong witness

Mtjlpltjli ) ( length j (D) is a strong witness .

" Every j / P) name
bounds only an initial segment of j

(E)
"

(ABSOLUTE between
M and V )

COB /P, Xp) ⇒ COB /j (P) , X , /jfnll ) if not
witnessed by j (P) , j (

s)
- - - -

- ×-closed

it v. <X , S is < t - dosed

[ B ( j (p) , X , M ) if
" <×

then j"S is c. final in jls )
witnessed by j

" s



Let IP be a forcing , ltpb-tbiltnonM-tu.nu
• ④

It right side -- I# ×

•

*
• •

Inv
,
let K

,
K
' be strongly compact

Cardinals K'<tri K - Inam

COUM ≥ I

Assume LCU ( IP
,
2) holds for all ve [ Yuan , I ]

""M≤ town

honm

Lcub (Pir )
holds for all r c- [ ×, , I ]

b≤ to

it ≥I

noun
( IP
, known ,I

) holds
harm ≥ Inam

COB form
≤ 5)

b≥i

COB
,
( P , tb , 5)

holds
µ ≤⇒

We will consider ultrapowe-sjr.IM and then ja . (jam) ( inv!)



= nonM≤ known

Assume LCU ( IP
,
2) holds for all VE [ tram ,

t ] can≥I
honm

LCU≤* (Pir )
holds for all we [ ×, , I ]

b≤ to

%
"

a ≥I

K
' k ✗

[◦ Bnonm ( IP, Inam ,I)
holds

noun ≥ Inam

form
≤ 5)

↳ • I , ≥,

COB
,
( IP , tb , 5)

holds
µ ≤⇒

•☐

Let j :V→M, go from K to some Id .

Let j
' : V→Mz go from K

' to some >now

COB ( Pdb,I )LCU / IP
, ✗b) LCV / P , K )

①
LCU / j / IP) , tb ) LCU / j / IP) , hd ) ( 013 ( Pitbid)

Lcu / jlfjllPD.to ) LCU / j ' /HPD,iH COB ftp.tb.td )
b≤ tb 01>-701 b ≥tb , d≤ td
IN IT



LCU / IP
, × , ) LCU / P , K )

COB (Binti )

( 013 ( Pitbitd)Lcvlj / IP) , tb ) LCUI ; / IP) , %)
①

Lcu / jlfjllPD.to ) LCU / j ' /jllPD.to ) (OB ftp.tb.td )
b≤ tb 01>-701 b≤ tb , d=td

LCU / IP
,xn.nu/LCVlPiI1C0B(1Pinon.IlLcUlj(1P),xnonm)LcUljl1P) , Ñ )

(OB ( IP
,
tnon.it

Lou / jifjllPDxn.nu) LCU / I ' /IMAI ) COBftp.tnon.I/honMt-XnonMCOVM ≥Ñ
noun ≥ Juan , covM≤ I



- a%
.

.

:
I '

* u, ¥4
-
- -i•

Fk} jufj , / j , / j . ( IP ) ) ) )

.
.#
-
-
-
É

Ku



/pre , ,_

Ipt":-. /pPrenN

/pfin , ,



Def :
additivity

,
b≤

Let 5- ( 5
,
≤) be a P- °

'

www.upperwwtdirectedness '

add / 5) = min { / B) :B ≤ S, B
unbounded } completeness,

of /5)
= min / IDI :D≤ 5. D dominates} "final

:b
.

d≤

If s
'

≤ S is cofinal , then add / s) .- add /5)

of / 5) = cuffs
' )

s≈S
'



usually ✗← -0

Definition :(1) A 1-0,1 ) - sequence is a sequence ( N, : ✗
< )

of elementary submodels of
"the universe

"

such that tract :

• IN, / = -0 ,
N ≤ Na

•
contains

"everything so far
"

( in particular (Np :p
-xD

and -001-0 }

(2) N is a / ⊖ , t ) model ⇔ 71N, :a<d) as above ,
N=UN✗

✗<7

Fact : If N
is a -0,1) model , SEN :

① add ( Snu ) ≥ min / ⊖ ,
add ( s ) )

① If of /5) ≤
⊖
,
then snN≈S

① If add / 5) > -0 , then
oof / S - N ) =) f- add /SNND



We start with a forcing notion IP 're which forces

different values to the left
side of Cichon 's Diagram ,

with strong witnesses ( LCU, COB ) :

-00 ⊖
,-0¥ -

.

. É
4-
i.¥ _ -0-5

i

-
-

_ -06
0-7

Our target values will be below 0-7 :

"
s

" ' to_ to

§ 72

to do ✗4



-04 E- %
i
"

¥
.

Let N° be a (0--0,1) -model , limit of (NL : ✗
< ) .

⊖
°

Let N
'

be a (
,
7.) - model , limit ◦1- (NI

'
- ✗ <H is

a ⇔
.

§ 72

'

, ↓ smaller models, but they
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