
Preserving continuity in Ideal topological spaces

Anika Njamcul and Aleksandar Pavlovi¢

Fast Introduction

De�nition 1. (Kuratowski 1933)[3] Let 〈X, τ, I〉 be an ideal topological space. Then

A∗(I, τ ) = {x ∈ X : A ∩ U 6∈ I for every U ∈ τ (x)}
is called the local function of A with respect to I and τ .

Cl∗(A) = A ∪ A∗

τ ∗(I) = {A : Cl∗(X \ A) = X \ A}.

F is closed i� F ∗ ⊆ F

ψ(A) = X \ (X \ A)∗

U is open i� U ⊆ ψ(U)

ψ(τ ) = {ψ(U) : U ∈ τ}.

ψ(τ ) ⊆ τ ⊆ τ ∗



Previous results

Theorem 1. ([7] Samuels 1971.) If X = X∗ (I ∩ τ = {∅}) and Y is regular then
f : 〈X, τ〉 → Y is continuous i� f : 〈X, τ ∗〉 → Y is continuous

Theorem 2. ([4] Natkaniec 1986.) Let f : X → R, where X is a Polish space with topology τ ,
and I a σ-complete ideal on X such that Fin ⊂ I and I ∩ τ = {∅}.
If f : 〈X, τ ∗〉 → 〈R,Onat〉 is a continuous function, then f : 〈X, τ〉 → 〈R,Onat〉 is also

continuous.

〈X, τ, I〉 is I-compact ([5, 6] Newcomb 1968., Ran£in 1972.) i� for each open cover {Uλ : λ ∈ Λ}
exists �nite subcollection {Uλk : k ≤ n} such that X \

⋃
{Uλk : k ≤ n} ∈ I.

Theorem 3. ([1] Hamlett, Jankovi¢ 1990.) Let f : 〈X, τ, I〉 → 〈Y, σ, f [I]〉 be a bijection such
that 〈X, τ〉 is I-compact and 〈Y, σ〉 is Hausdor�. If f : 〈X, τ ∗〉 → 〈Y, σ〉 is continuous, then
f : 〈X, τ ∗〉 → 〈Y, σ∗〉 is a homeomorphism.



Theorem 4. ([2] Hamlett, Rose 1990.) Let 〈X, τ, I〉, 〈Y, σ,J 〉 be ideal topological spaces. Let f :
〈X, τ〉, 〈Y, 〈ψ(σ)〉〉 be a continuous injection, J ∼ σ and f−1[J ] ⊂ I. Then ψ(f [A]) ⊆ f [ψ(A)],
for each A ⊆ X.

Theorem 5. ([2] Hamlett, Rose 1990.) Let 〈X, τ, I〉, 〈Y, σ,J 〉 be ideal topological spaces. Let
f : 〈X, 〈ψ(τ )〉〉 → 〈Y, σ〉 be an open bijection, I ∼ τ and f [I] ⊂ J . Then f [ψ(A)] ⊆ ψ(f [A]),
for each A ⊆ X.

Theorem 6. ([2] Hamlett, Rose 1990.) Let 〈X, τ, I〉 → 〈Y, σ,J 〉 be ideal topological spaces. Let
f : X → Y be a bijection and f [I] = J . Then the following conditions are equivalent
a) f : 〈X, τ ∗〉 → 〈Y, σ∗〉 is a homeomorphism;
b) f [A∗] = (f [A])∗, for each A ⊆ X;
c) f [ψ(A)] = ψ(f [A]), for each A ⊆ X.



Results

Theorem 7. Let 〈X, τX, IX〉 and 〈Y, τY , IY 〉 be ideal topological spaces. If f : 〈X, τX〉 → 〈Y, τY 〉
is a continuous function and for all I ∈ IY we have f−1[I ] ∈ IX. Then there hold the following
equivalent conditions:
a) ∀A ⊆ X f [A∗] ⊆ (f [A])∗;
b) ∀B ⊆ Y (f−1[B])∗ ⊆ f−1[B∗].

Proof. Let us prove a).
Suppose ∃A ⊆ X and y ∈ f [A∗] \ (f [A])∗.
Let x ∈ A∗ such that f (x) = y.

(1) ∀U ∈ τX(x) U ∩ A 6∈ IX.
y 6∈ (f [A])∗

∃V ∈ τY (y) such that V ∩ f [A] ∈ IY .
f−1[V ∩ f [A]] ∈ IX .
f−1[V ] ∩ f−1[f [A]] ∈ IX ,
From A ⊆ f−1[f [A]], we have

(2) f−1[V ] ∩ A ∈ IX.
Due the continuity of f , f−1[V ] ∈ τX(x)
(2) contradicts (1), proving a).



a) ∀A ⊆ X f [A∗] ⊆ (f [A])∗;
b) ∀B ⊆ Y (f−1[B])∗ ⊆ f−1[B∗].

( a) is equivalent to b) ).
Suppose a) holds
Let B ⊆ Y . Then f [(f−1[B])∗] ⊆ (f [f−1[B]])∗

f [(f−1[B])∗] ⊆ B∗.
f−1[f [(f−1[B])∗]] ⊆ f−1[B∗]
(f−1[B])∗ ⊆ f−1[B∗].

Suppose b) holds
Let A ⊆ X .
f−1[(f [A])∗] ⊇ (f−1[f [A]])∗ ⊇ A∗.
f [f−1[(f [A])∗]] ⊇ f [A∗].
(f [A])∗ ⊇ f [A∗].

Example 1. The opposite does not hold even
if for each I ∈ IY holds f−1[I ] ∈ IX .
IX = P (X), A∗ = ∅, f−1[I ] ∈ IX = P (X).
But f does not have to be continuous, in general.



Theorem 8. Let 〈X, τX, IX〉 and 〈Y, τY , IY 〉 be ideal topological spaces. If f : 〈X, τX〉 → 〈Y, τY 〉
is a continuous function and for all I ∈ IY we have f−1[I ] ∈ IX. Then there hold the following
three equivalent conditions:

a) ∀A ⊆ X f [A
τ∗X ] ⊆ f [A]

τ∗Y ;

b) ∀B ⊆ Y (f−1[B])
τ∗X ⊆ f−1[B

τ∗Y ];
c) f : 〈X, τ ∗X〉 → 〈Y, τ ∗Y 〉 is a continuous function;

Proof. Proving a): f [A
τ∗X ] = f [A ∪ A∗] = f [A] ∪ f [A∗] ⊆ f [A] ∪ (f [A])∗ = f [A]

τ∗Y .

Example 2. Condition a) in Theorem 7 is not equivalent to the continuity of f : 〈X, τ ∗X〉 →
〈Y, τ ∗Y 〉.
If τX = P (X), then each mapping is continuous. Let x ∈ X .
Let {x} 6∈ IX and, for y = f (x),{y} ∈ IY
Then x ∈ {x}∗ = {x}, so y ∈ f [{x}∗] = {y}.
But U ∩ f [{x}] = {y} ∈ IY , for each U ∈ τY (y),
so y 6∈ (f [{x}])∗,
so condition a) does not hold.



If we add that f is a bijection, we obtain the following result.

Theorem 9. Let 〈X, τX, IX〉 and 〈Y, τY , IY 〉 be ideal topological spaces. If f : 〈X, τX〉 → 〈Y, τY 〉
is a continuous bijection and for all I ∈ IY we have f−1[I ] ∈ IX. Then there hold the following
equivalent conditions:
a) ∀A ⊆ X Ψ(f [A]) ⊆ f [Ψ(A)]; b) ∀B ⊆ Y f−1[Ψ(B)] ⊆ Ψ(f−1[B]).

Proof. ( a) ⇒ b) ) B ⊆ Y . f−1[Ψ(B)] = f−1[Ψ(f [f−1[B]])] ⊆ f−1[f [Ψ(f−1[B])]] = Ψ(f−1[B]).
( b) ⇒ a) ) A ⊆ X . Ψ(f [A]) = f [f−1[Ψ(f [A])]] ⊆ f [Ψ(f−1[f [A]])] = f [Ψ(A)].
( a) ) Suppose that there exists A ⊆ X such that
Ψ(f [A]) \ f [Ψ(A)] 6= ∅.

Ψ(f [A]) \ f [Ψ(A)](3)

= (Y \ (Y \ f [A])∗) \ f [X \ (X \ A)∗]

= (Y \ (Y \ f [A])∗) \ (f [X ] \ f [(X \ A)∗])

= (Y \ (Y \ f [A])∗) \ (Y \ f [(X \ A)∗])

= f [(X \ A)∗] \ (Y \ f [A])∗

(by surjection) = f [(X \ A)∗] \ (f [X ] \ f [A])∗

(by injection) = f [(X \ A)∗] \ (f [X \ A])∗ 6= ∅,
but this contradicts condition a) from Theorem 7.

Remark 1. This is also a proof that, if f is bijection, conditions a) and b) from the previous
theorem and from Theorem 7 are equivalent. Just the set B ⊂ X which possibly violates condition
a) from Theorem 7 write in form of X \ A and apply (3).

Conjecture (20.3.2021.): If for all I ∈ IY we have f−1[I ] ∈ IX then we also have equivalence.



Now, we will consider open mappings.

Theorem 10. Let 〈X, τX, IX〉 and 〈Y, τY , IY 〉 be ideal topological spaces. If f : 〈X, τX〉 → 〈Y, τY 〉
is an open function and for all I ∈ IX we have f [I ] ∈ IY . Then there hold the following equivalent
conditions:
a) ∀A ⊆ X f [Ψ(A)] ⊆ Ψ(f [A]);
b) ∀B ⊆ Y Ψ(f−1[B]) ⊆ f−1[Ψ(B)];

Theorem 11. Let 〈X, τX, IX〉 and 〈Y, τY , IY 〉 be ideal topological spaces. If f : 〈X, τX〉 → 〈Y, τY 〉
is an open function and for all I ∈ IX we have f [I ] ∈ IY . Then f : 〈X, τ ∗X〉 → 〈Y, τ ∗Y 〉 is an
open function.

Theorem 12. Let 〈X, τX, IX〉 and 〈Y, τY , IY 〉 be ideal topological spaces. If f : 〈X, τX〉 → 〈Y, τY 〉
is an open bijection and for all I ∈ IX we have f [I ] ∈ IY . Then there hold the following equivalent
conditions:
a) ∀A ⊆ X (f [A])∗ ⊆ f [A∗];
b) ∀B ⊆ Y f−1[B∗] ⊆ (f−1[B])∗.

Corollary 1. ([2] Hamlett, Rose 1990.) Let 〈X, τX, IX〉 and 〈Y, τY , IY 〉 be ideal topological
spaces. If f : 〈X, τX〉 → 〈Y, τY 〉 is homeomorphism and for each I ⊂ X there holds I ∈ IX i�
f [I ] ∈ IY . Then the following equivalent conditions hold:
a) f : 〈X, τ ∗X〉 → 〈Y, τ ∗Y 〉 is a homeomorphism;
b) ∀A ⊆ X (f [A])∗ = f [A∗];
c) ∀B ⊆ Y f−1[B∗] = (f−1[B])∗.
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