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Fast Introduction
Definition 1. (Kuratowski 1933)[3| Let (X, 7,Z) be an ideal topological space. Then

AZ,71)={xr e X: ANU &I forevery U € 7(x)}

is called the local function of A with respect to Z and 7.

CI*(A) = AU A*

T(I) = {A: CI"(X \ A) = X \ A}.
Fis closed iff F* C F

p(A) = X\ (X \A)

U is open iff U C (U)

(1) = W(U):Uer}.

Y(r) ST Crt



Previous results

Theorem 1. (/7] Samuels 1971.) If X = X* (Z N7 ={0}) and Y is reqular then
f (X, 17y =Y is continuous iff f: (X, 7") =Y is continuous

Theorem 2. (/4] Natkaniec 1986.) Let f : X — R, where X is a Polish space with topology T,
and T a o-complete ideal on X such that Fin CZ and ZN7 = {0}.

If f (X, 7)) — (R,Ona) is a continuous function, then f : (X, 7) — (R, Ona) is also
CONTINUOUS.

(X, 7,T) is Z-compact (|5, [6] Newcomb 1968., Rancin 1972.) iff for each open cover {U) : A € A}
exists finite subcollection {U),, : K < n} such that X \ |J{U), : k <n} €L

Theorem 3. (/1] Hamlett, Jankovi¢ 1990.) Let f : (X, 7,Z) — (Y, 0, fIZ]) be a bijection such
that (X, 1) is Z-compact and (Y, o) is Hausdorff. If f : (X, 7") — (Y,0) is continuous, then
f (X, ) = (Y,0%) is a homeomorphism.



Theorem 4. (2] Hamlett, Rose 1990.) Let (X, 7,T),(Y,0,J) be ideal topological spaces. Let f
(X, 1), (Y, (¢(0))) be a continuous injection, J ~ o and f~HT| CZ. Then (f[A]) C fl(A)],
for each A C X,

Theorem 5. ([2/ Hamlett, Rose 1990.) Let (X, 7,Z),(Y,0,T) be ideal topological spaces. Let
f X, (7)) = (Y,0) be an open bijection, T ~ 7 and f|Z) C J. Then flip(A)] C ¥(f[A]),
for each A C X,

Theorem 6. (/2] Hamlett, Rose 1990.) Let (X, 7,Z) — (Y,0,J) be ideal topological spaces. Let
f: X = Y be a bijection and f|Z] = J. Then the following conditions are equivalent

a) f (X, 7") = (Y,0") is a homeomorphism;

b) flA*] = (flA])*, for each A C X;

c) flY(A)] = ¢(f[A]), for each A C X.



Results

Theorem 7. Let (X, 7x,Zx) and (Y, 1y, Zy) be ideal topological spaces. If f : (X, 17x) — (Y, 1y)
is a continuous function and for all I € Ty we have f~[I| € Ix. Then there hold the following
equivalent conditions:

o) VA C X flAT] € (flA]);

VB CY (fBl)C fBY

Proof. Let us prove a).

Suppose 3A C X and y € f[A*] \ (f|A])".
Let x € A* such that f(x) =1y.

(1) VU e tx(x) UNA & Ty.

y & (fIA])"
IV € 1y (y) such that V N flA] € Zy.

fHV 0 flA] € Zx.
FHIVIN fUSIA] € Zx,
From A C f~1[f[A]], we have
(2) f_l[V] NAeZIyx.

Due the continuity of f, f~{V] € tx(x)
([2) contradicts (1)), proving a).



2) VAC X fIA] € (f1A]"
b) VB CY (7 B]) € [ (B,

(‘a) is equivalent to b) ).

Suppose a) holds

Let BCY. Then f[(f7'[B])*] € (f[f'[B])*
FIBI)] € B

fIBYT € B

(fHB])" € fHBY.

Suppose b) holds
Let ACX.

oA 2 (LAl 2 A
[ [(H)HQ f1A%).
(f1A])" 2 flA7]

Example 1. The opposite does not hold even
if for each I € Zy holds f~![I] € Zx.
Ix =P(X), A*=0, [ € Zxy = P(X).
But f does not have to be continuous, in general.



Theorem 8. Let (X, 7x,Zx) and (Y, 1y, Zy) be ideal topological spaces. If f (X, 7x) — (Y, Ty)
is a continuous function and for all I € Ty we have f~'[I| € Ix. Then there hold the following
three equivalent conditions:

o) YA C X AV C AT
b) VB CY (FB)™ € fBY];
c) f (X, 1%) = (Y, 7y) is a continuous function,

Proof. Proving a): f[AX] = fIAU A" = f[A] U fIAY] € fIA] U (f[A)" = FIA]". :
Example 2. Condition a) in Theorem [7] is not equivalent to the continuity of f : (X, 7%) —
(Y, 75).

If 7y = P(X), then each mapping is continuous. Let z € X.
Let {z} &€ Tx and, for y = f(x){y} € Iy

Then z € {2}" = {z}, soy € f[{z}"] = {y}.

But U N fl{x}| = {y} € Zy, for each U € 1y (y),

soy & (fl{z}])",

so condition a) does not hold.



If we add that f is a bijection, we obtain the following result.

Theorem 9. Let (X, 7x,Zx) and (Y, 1y, Zy) be ideal topological spaces. If f : (X, 7x) — (Y, Ty)
is a continuous bijection and for all I € Ty we have f~[I] € Ix. Then there hold the following
equivalent conditions:

a) VA C X W(fIA]) C fI¥(A); ) VBCY fHW(B)] C U(f[B]).
Proof. (a) =b) ) BCY. [fU(B)] = fU(f[f[B])]C [ 1[]f[‘lf( B = w(fB]).

(b)=a)) ACX. V(fIA]) = fIfTW(fIAD] € fIV(fSIAD] = f1P(A)].
(a) ) Suppose that there exists A C X such that

V(AN fIP(A)] #
(3) WA\ flv ( )
= YA\ SADI\FAX N (XN A)]

= YA\ FAD) N XN AN A))
= YA\ FADH N YA XN A))
= AXNATTN YA flA])

o) = f(X\ AT\ (FIXTA FLA])

ormecion = F[(X\ AT\ (F[X\ A" #0,

but this contradicts condition a) from Theorem [7] ]

Remark 1. This is also a proof that, if f is bijection, conditions a) and b) from the previous

theorem and from Theorem [7] are equivalent. Just the set B C X which possibly violates condition
a) from Theorem [7] write in form of X \ A and apply (3).

Conjecture (20.3.2021.): If for all I € Zy we have f~[I] € Zyx then we also have equivalence.



Now, we will consider open mappings.

Theorem 10. Let (X, 7x,Zx) and (Y, 1y, Zy) be ideal topological spaces. If f (X, 7x) — (Y, 1y)
is an open function and for all I € Ix we have f|I| € Zy. Then there hold the following equivalent
conditions:

o) VA C X flU(A)] C U(f[A]);

b) VB CY U(f7[B]) C [ ¥(B)];

Theorem 11. Let (X, 7x,Zx) and (Y, 1y, Ly) be ideal topological spaces. If f : (X, 7x) — (Y, Ty)
is an open function and for oll I € Tx we have flI| € Zy. Then f : (X,7%) — (Y, 7y) is an
open function.

Theorem 12. Let (X, 7x,Zx) and (Y, 1y, Ly) be ideal topological spaces. If f (X, 7x) — (Y, Ty)
is an open bijection and for all I € Tx we have f|I] € Iy. Then there hold the following equivalent
conditions:

1) VAC X (flA]) C fA%

b)VBCY fB]C(fB])"

Corollary 1. (|2| Hamlett, Rose 1990.) Let (X, 7x,Zx) and (Y, 7y,Zy) be ideal topological
spaces. If f: (X, 7x) — (Y, 7y) is homeomorphism and for each I C X there holds I € Ty iff
flI] € Zy. Then the following equivalent conditions hold:

a) f:(X,7%) — (Y, 75) is a homeomorphism;

b) VA C X (flA)" = flA"]
VB CY fIB) = (f[B)"
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